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, Abstract. Let (G, J, N, S) be an afRnc topological Tits system, 

and let F be a torsion free cocompact lattice in G. This article 
. studies the coinvariants Ho{r; C(S1, Z)), where is the Furstenberg 

' boundary of G. It is shown that the class [1] of the identity function 

in iJo(r; G(51, Z)) has finite order, with explicit bounds for the 
^ ■ order. 

, A similar statement applies to the Kq group of the boundary 

• ■ crossed product G*-algebra C{V,) xi F. If the Tits system has type 

. A2, exact computations are given, both for the crossed product 

J3 ' algebra and for the reduced group G* -algebra. 
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1. Introduction 



This article is concerned with coinvariants for group actions on the 
boundary of an afiine building. The results are most easily stated for 
subgroups of linear algebraic groups. Let khe a. non-archimedean local 
^ ■ field with finite residue field k of order q. Let G be the group of k- 

"^H ! rational points of an absolutely almost simple, simply connected linear 

algebraic fc-group. Then G acts on its Bruhat-Tits building A, and on 
its Furstenberg boundary Q. 

Let r be a torsion free lattice in G. The abelian group C{fl, 7j) 
of continuous integer-valued functions on Q has the structure of a F- 
^ I module. The module of F-coinvariants fip = Hq{T; C{^, Z)) is a finitely 

d • generated group. We prove that the class [1] in f2r of the constant 

function 1 G C{Q, Z) has finite order. If G is not one of the exceptional 
types Es,F4 or G2, then the order of [1] is less than covol(F), where 
the Haar measure on G is normalized so that an Iwahori subgroup of 
G has measure 1. There is a weaker estimate for groups of exceptional 
type. If G has rank 2 then the estimates are significantly improved. 
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The topological action of T on the Furstenberg boundary is encoded 
in the crossed product C*-algebra = C{Q) x T. Embedded in 
is the reduced group C*-algebra C*(r), which is the completion of the 
complex group algebra of F in the regular representation as operators 
on ^^(F). The action of F on f2 is amenable, so the K-theory of is 
computable by known results, in contrast to that of C*(F), which rests 
on the validity of the Baum-Connes conjecture. The natural embedding 
C{Q) Ar induces a homomorphism 

ip-Mr^ KoiAr) 

and (/'([I]) = [IJiCo; class of 1 in the /^o-group of ^r- Therefore 
[1]ko has finite order in Ko^Ar)- 

If F is a torsion free lattice in G = SL3(A;) then exact computations 
can be performed. The Baum-Connes Theorem of V. Lafforgue ||La|j is 
used to compute fr*(C*(F)) and the results of |R,Sj are used to com- 
pute K^:{Ar)- In particular Ko(C*{T)) = a free abelian group, 
one of whose generators is the class [1]. The embedding of C*(F) into 
induces a homomorphism ip : K^{C*{r)) K^:{Ar)- This homo- 
morphism is not injective, since [1] has finite order in KqIAt)- The 
computations at the end of the article suggest that the only reason for 
failure of injectivity of the homomorphism ip is the fact that [1] has 
finite order in Ko{Ar)- 

Much of this article considers the more general case where F is a 
subgroup of a topological group G with a BN-pair, and F acts on the 
boundary Q of the affine building of G. 

The results are organized as follows. Sections|21and|21state and prove 
the main result concerning the class [1] in Q-p- Section^lgives improved 
estimates in the rank 2 case. Section El studies the connection with the 
K-Theory of the boundary algebra ^r- Comparison with K-theory of 
the reduced C*-algebra C* (F) is made in Section El which contains 
some exact computational results for buildings of type A2. 

2. Torsion in Boundary Coinvariants 

Let (G, J, N, S) be an affine topological Tits system |Gd| Definition 
2.3] . Then G is a group with a BN-pair in the usual algebraic sense [Till 
Section 2] and the Weyl group W = N/ {3 n N) is an infinite Coxeter 
group with generating set S. The subgroup J of G is called an Iwahori 
subgroup. A subgroup of G is parahoric if it contains a conjugate of 3. 
The topological requirements are that G is a second countable locally 
compact group and that all proper parahoric subgroups of G are open 
and compact |Gd| Definition 2.3]. 
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Let n + 1 = \S\ be the rank of the Tits system. The group G acts 
on the Tits complex A, which is an affine building of dimension n. 
It will be assumed throughout that A is irreducible; in other words, 
the Coxeter group W is not a direct product of nontrivial Coxeter 
groups. Denote by A* the set of i-simplices of A, (0 < i < n). The 
vertices of A are the maximal proper parahoric subgroups of G, and 
a finite set of such subgroups spans a simplex in A if and only if its 
intersection is parahoric. The action of G on A is by conjugation of 
subgroups. The building A is a union of n-dimensional subcomplexes, 
called apartments. Each apartment is a Coxeter complex, with Coxeter 
group W. 

Associated with the Coxeter system (W, S) there is a Coxeter dia- 
gram of type Xn {X = A, B, . . . ,G), whose vertex set / is a set of n-|- 1 
types, which are in natural bijective correspondence with the elements 
of S. Each vertex f G A° has a type t{v) G /. The type of a simplex 
in A is the set of types of its vertices. By construction, the action of 
G on A preserves types. A type t G / is special if deleting t and all the 
edges containing t from the diagram of type X„ results in the diagram 
of type Xn (the diagram of the corresponding finite Coxeter group). A 
vertex f G A is said to be special if its type t{v) is special [BT, 1.3.7 ]. 

A simplex of maximal dimension n in A is called a chamber. Every 
chamber has exactly one vertex of each type. If a is any chamber 
containing the vertex v then the codimension-1 face of a which does 
not contain v has type / — {t{v)}. 

The action of G on A is strongly transitive, in the sense that G acts 
transitively on the set of pairs {a. A) where a is a chamber contained 
in an apartment A of A. The building A is locally finite, in the sense 
that the number of chambers containing any simplex is finite, and it is 
thick, in the sense that each simplex of dimension n — 1 is contained 
in at least three chambers. If r is a simplex in A of dimension n — 1 
and type I — {t}, then the number of chambers of A which contain r 
is gt + 1 where qt> 2. The integer depends only on t; not on r. 

Associated with the group G there is also a spherical building, the 
building at infinity Aqq. The boundary i7 of A is the set of chambers 
of Aoo, endowed with a natural compact totally disconnected topology, 
which we shall describe later on. Since G acts transitively on the 
chambers of A^o, may be identified with the topological homogeneous 
space G/B, where the Borel subgroup B is the stabilizer of a chamber 
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Example 2.1. A standard example is G = SL„-|.i(Qp), where Qp is 
the field of p-adic numbers. In this case B is the subgroup of upper 
triangular matrices in G, and Q is the Furstenberg boundary of G. 

If r is a subgroup of G, then T acts on Q, and the abelian group 
C{fl, Z) of continuous integer- valued functions on Q has the structure of 
a F-module. The module of F-coinvariants, C(f2, Z)r, is the quotient of 
G{fl, Z) by the submodule generated by {g- f — f : g eT, f E C{Q, Z)}. 
Recall that C(f2,Z)r is the homology group Ho(T; G{Q,Z)). For the 
rest of this article, C(fi,Z)r will be denoted simply by Qr- Define 
c(F) e Z_|_ U {cxo} to be the number of F-orbits of chambers in A. 

If F is a torsion free cocompact lattice in G, then c(F) is the number 
of n-cells of the finite cell complex A\F. Suppose that the Haar measure 
fi on G has the Tits normalization fi{3) = 1 |Ti2| §3.7]. Then c(F) = 
covol(F). 

We shall see below that if F is a torsion free cocompact lattice in G 
then f2r is a finitely generated abelian group. Note that such a torsion 
free lattice F acts freely and properly on A |Gd| Lemma 2.6, Lemma 
3.3]. If / G C{Q,Z) then [/] will denote its class in Q-p- Also, 1 will 
denote the constant function defined by l{uj) = u ioi u E Q. 

Theorem 2.2. Let {G,3,N,S) be an ajfine topological Tits system 
and let T he a torsion free lattice in G. Then VLy is a finitely generated 
abelian group and the following statements hold. 

(1) The element [1] has finite order in Qr- 

(2) If s E I is a special type, then the order of [1] in Qr satisfies 

ord([l]) < ■ covol(F) . 

(3) //, in addition, G is not one of the exceptional types G2, F^^, Eg, 
then 

ord([l]) < covol(F) . 

Remark 2.3. A torsion free lattice in G is automatically cocompact 
[Ri2l II.1.5]. 

Remark 2.4. Suppose that F is isomorphic to a subgroup of a group 
F' and that the action of F on extends to an action of F' on Q. Then 
there is a natural surjection Qr ^r'- It follows that Theorem 12.21 
remains true if F is replaced by any such group F'. 

Remark 2.5. The group Qr depends only on F and not on the ambient 
group G. This follows from the rigidity results of |KLj . if n > 2, and 
from ^Grj if n = 1. 
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We now describe briefly how Theorem 12 . 21 applies to algebraic groups. 
Let /c be a non-archimedean local field and let G be the group of k- 
rational points of an absolutely almost simple, simply connected linear 
algebraic fc-group : e.g. k = Qp, G = SL„+i(Qp). Associated with G 
there is a topological Tits system of rank n + 1, where G has fc-rank n 
|IMj . Now G acts properly on the corresponding Bruhat-Tits building 
A |Ti2| §2.1], and on the boundary Q = G/B, where 5 is a Borel 
subgroup IBJVH Section 5]. 

Let q be the order of the residue field k. For each type t G / there is 
an integer d{t) such that qi = q'^^^\ That is, any simplex r of codimen- 
sion one and type / — {t} is contained in g'^^'^ + 1 chambers |Ti2l §2.4]. 
If G is fc-split (i.e. there is a maximal torus T G G which is fc-split) 
then d{t) = 1 for all t e / |Ti2l §3.5.4]. 

If k has characteristic zero, then the condition that F is torsion free 
can be omitted from Theorem 12. 21 Recall that a non-archimedean local 
field of characteristic zero is a finite extension of Qp, for some prime p. 

Corollary 2.6. Let k be a non-archimedean local field of characteristic 
zero. Let G be the group of k-rational points of an absolutely almost 
simple, simply connected linear algebraic k-group. If T is a lattice in 
G, then the class [1] has torsion in Q-p- 

Proof. A lattice F in G is automatically cocompact [Ml Proposition 
IX, 3.7]. By Selberg's Lemma |Gd| Theorem 2.7], F has a torsion free 
subgroup Fq of finite index. Now Theorem 12.21 implies that [1] has 
finite order in Q-po- The result follows from the observation that there 
is a natural surjection Q-po ^ ^r- D 

3. Proof of Theorem 12.21 

Throughout this section, the assumptions of Theorem l2.2l are in force. 
Before proving Theorem 12. 21 we require some preliminaries. Recall that 
a gallery of type i = (ii, . . . , ifc) is a sequence of chambers (uo, . . . 0"^) 
such that each pair of successive chambers cfj-i, Cj meet in a common 
face of type I — {ij}- Choose a special type s G /, which will remain 
fixed throughout this section. Fix once and for all the following data. 

• (Al) An apartment A in A. 

• (A2) A sector S in A with base vertex v of type s and base 
chamber G. 

• (A3) The unique vertex v' G S oi type s, obtained by refiecting 
V in a CO dimension- 1 face of G. 

• (A4) The unique chamber G' containing v' which is the base 
chamber of a subsector of S. 
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• (A5) A minimal gallery of type i = {ii, . . . ,ik) from C to C, 
where ii = s. This minimal gallery necessarily lies inside S. 

These data are illustrated by Figure HJ which shows part of an apart- 
ment in a building of type G2 and a minimal gallery from C to C. 
Special vertices are indicated by large points. 





















A "J^/ 












A 







Figure 1. Part of an apartment A in a building of type G2- 

Now let D = A"/r, the set of F-orbits of chambers of A. Since F 
acts freely and cocompactly on A, D is finite and elements of 2) are in 
1 — 1 correspondence with the set of n-cells of the finite cell complex 
A/F. 

If X, y E D, let Mi{x,y) denote the number of F-orbits of galleries 
of type i which have initial chamber in x and final chamber in y. 
If ao E X is fixed then Mi{x,y) is equal to the number of galleries 
(ctq, cTi, . . . CTfc) of type i with final chamber cxfc G y. To see this, note 
that any gallery of type i with initial chamber in x and final chamber 
in y lies in the F-orbit of such a gallery (ctq, <Ji, ■ ■ ■ <Jk)- Moreover, two 
distinct galleries of this form lie in different F-orbits. For suppose that 
(do, (Ji, . . . , (Tj, Tj+i, . . . Tfc) is another such gallery, with Tj+i 7^ cTj+i, the 
first chamber at which they differ. Then Tj^i and CTj+i have a common 
face of codimension one, and so lie in different F-orbits, since the action 
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of r is free. (If QTj+i = aj+i, then g must fix every point in the common 
CO dimension one face and so g = 1.) A similar argument shows that if 
(jfc G y is fixed then then Mi{x,y) is equal to the number of galleries 
((To, <Ji, ■ ■ ■ <Jk) of type i with initial chamber ctq G x. Cocompactness of 
the F-action implies that Mi{x,y) is finite. 

If (J is a chamber in A, then the number Ni of galleries (cro, • • • , Cfc) 
of type i, with final chamber ak = cr, is independent of a. This follows, 
since G acts transitively on the set A" of chambers of A. Note that 
iVj > 1, by thickness of the building A. 

Two different galleries of type i which have final chamber a are 
necessarily in different F-orbits, by freeness of the action of F. It follows 
that if y E D, then the number of F-orbits of galleries (ai, . . . , cTfc) of 
type i, with ak G y, is equal to N^. In other words, for each y E D, 

(1) ^M,(x,t/)=iV,. 

Recall that if r is a simplex of A of codimension one and type / — {t}, 
then the number of chambers of A which contain r is gt + 1 where 
gt > 2. Thus the number of galleries {ao,ai, . . . ,ak) of type i, with 
final chamber ak = cr (fixed, but arbitrary), is equal to qi^.qi,^_-^ ■ ■ - lii, 
where ii = s. On the other hand, this number is also equal to the 
number qi^^qi^ ■ ■ - qi^, of galleries (uo, (Xi, . . . , ak) of type i, with initial 
chamber ao = a (fixed, but arbitrary). It follows that, for each x G 2), 

(2) 5^M,(x,y)=iVi. 

Definition 3.1. Fix a type s G /. Let denote the number of cham- 
bers of A which contain a fixed vertex u of type s. Since G acts 
transitively on the set of vertices of type s, does not depend on the 
choice of the vertex u. 

Remark 3.2. The Iwahori subgroup J is a chamber of A. Let the 
parahoric subgroup < G be the vertex of the type s of 3. Then Pg 
is a maximal compact subgroup of G containing 3 and = |Ps : 3\. 
(In |Gd| Section 3], is denoted t^s}-) 

Lemma 3.3. Let s E I be a special type. Then 

(3) N,<q,- a,. 

Proof. Fix a chamber ao- We must estimate the number of galleries 
((To, (Ti, . . . , CTfc) of type i (with initial chamber ao). 

There are q^ possible choices for ai. Suppose that ai has been chosen 
and let u be the vertex of ai not belonging to ao- By construction, ak 
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also contains u (Figure Ej) and so there are less than possible choices 
for cTfc. (Note the ak 7^ cri-) Once cxfc has been chosen, there is a unique 
(minimal) gallery of type (^2, ■ ■ ■ lik) with initial chamber ai and final 
chamber cjfc. In other words, the gallery (ctq, cxi, . . . , 0"^) is uniquely 
determined, once Ui and cjfc are chosen. There are therefore at most 
qs[as — 1) choices for this gallery. □ 

Remark 3.4. An easy calculation in A2 buildings shows that the es- 
timate (jni) cannot be improved to Ni < a^. 

Definition 3.5. Let F be a torsion free cocompact lattice in G. If 
5 G /, let n^(T) (or simply n^, if F is understood) denote the number 
of F-orbits of vertices of type s in A. 

Recall that covol(F) is equal to the number of F-orbits of chambers in 



Lemma 3.6. Fix a type s G /. Then covol(F) = rig(F) ■ a^. 

Proof. Choose a set S of representative vertices from the F-orbits of 
vertices of type s in A. Thus \S\ = ng{T). For v E S, let i?„ denote 
the set of chambers containing v. Each Ry contains chambers. We 
claim that the number of chambers in R = I J -R^ equals covol(F). 



Each chamber in A is clearly in the F-orbit of some chamber in R. 
Moreover, any two distinct chambers in R lie in different F-orbits. For 
suppose that E Ry, aw E Ry, and ga^ = aw, where g E T. Then 
gv = w, since the action of F is type preserving and every chamber 
contains exactly one vertex of type s. Therefore v = w, since distinct 
vertices in S lie in different F-orbits. Moreover g = 1, since the action 
of F is free. Thus ay = aw- This shows that there are covol(F) chambers 
in R. □ 

Before proving Theorem 12. 21 we provide more details of the structure 
of the boundary Q. Let a be a chamber in A" and let s be a special 
vertex of a. The co dimension one faces of a having s as a vertex 
determine roots containing a, and the intersection of these roots is a 
sector in A with base vertex s and base chamber a. Two sectors are 
parallel if the Hausdorff distance between them is finite. This happens 
if and only if they contain a common subsector. The boundary Q of 
A is the set of parallel equivalence classes of sectors in A |Ront Chap. 
9.3]. li uj E Q and if s is a special vertex of A then there exists a unique 
sector [s,u!) in u with base vertex s, |Ront Lemma 9.7]. 

If 0" G A", let o{a) denote the vertex of a of type s. Recall that 
vertices of type s are special. Let Q{a) denote the set of boundary 



A. 
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Figure 2. A minimal gallery (ctq, • • • , in a G2 building. 



points uj whose representative sectors have base vertex o(cr) and base 
chamber a. That is, 

Vt{a) = {uj eVt: a d [o{a),uj)] . 

The sets VL{a), a G A", form a basis for the topology of Q. Moreover, 
each fl{a) is a clopen subset of Q. Let 7^ denote the set of ordered 
pairs ((J, a') G A" x A" such that there exists a gallery of type i from 
a to cr'. Then for each cr G A", fl{a) can be expressed as a disjoint 
union 

(4) f](a)= □ n{a'). 

(o-,0-')e7,; 

For if G fi(cr), then the sector [0(0"), a;) is strongly isometric, in the 
sense of |Gtl 15.5] to the sector S in the apartment A, as described at 
the beginning of this section. Let a' be the image under this strong 
isometry of the chamber C in A. Then (cr, cr') G 7i and u G 
Thus Q{a) is indeed a subset of the right hand side of Conversely, 
each set fi(cr') on the right hand side of ^ is contained in Q{a). For 
if {cr,a') G 7i and G f2((T') then the strong isometry from [o{a'),uj) 
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onto S' extends to a strong isometry from [o{a),Lj) onto S |(7t| §15.5 
Lemma]. Thus uj G Q{a). 

To check that the union on the right of (jH) is disjoint, suppose that 
uj G f^(cr^) n ^{(72), where {a,a[), (o", 0-2) ^ li- Then the strong isom- 
etry from [o{a[),u!) onto [o{a2),uj) extends to a strong isometry from 
[o{a),uj) onto itself, which is necessarily the identity map. In particu- 
lar, a[ = a'2. 

If 0" G A", let Xa ^ C(i7,Z) denote the characteristic function of 
fi(cr). That is 

1 otherwise. 

Since Xa — Xga = Xa — g-Xa for each G F, the class [xa] of Xa in VLt 
depends only on the F-orbit of a in A". If x = Fcr G S), it therefore 
makes sense to define 

(5) [x] = [x.] G . 

Now it follows from (@]) that, for each a G A", 

(6) XcT= XI = 5Z 5Z ■ 

((T,o-')e7i j/es o-'ey 

(o-,(t' )G7i 

Passing to equivalence classes in f2r gives, for each a; G S), 

(7) [x]=5^M,(a;,y)M. 



We can now proceed with the proof of the Theorem 12.21 If s is a 
vertex of type 5 of A, then each element G f2 lies in VL{(t) where a is 
the base chamber of the sector [s,a;). Moreover uj lies in precisely one 
such set f2(cr), with a G A", o(cr) = s. Therefore 

(8) 1= Yl 

o{a)=s 

Since the action of F on A is free and type preserving, no two chambers 
cr G A" with o(cr) = s lie in the same F-orbit. To simplify notation, 
let Hg = risiT), the number of F-orbits of vertices of type s in A. 
If we choose a representative set S of vertices of type s in A then 
the chambers containing these vertices form a representative set of 
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chambers, by the proof of Lemma fH.fil It follows that in Qr, 
^^■W = E E t^'^] (by®) 

sG5 o-GA" 
o((t)=s 

Therefore 

^^■W = EE^^(^'^)[^] (by©) 

i-eDj/GJ) 

s/gs Vxgd / 
= E^^-[^] (by©) 

S/GS 

= iV^n, ■ [1] . 

It follows that 

(9) n,{N, - 1) ■ [1] = 0, 

which proves the first assertion of Theorem 12 .21 

Using Lemmas 13 .3113 .61 we can estimate the order of the element [1]. 



(10) risiNi - 1) <n^- {q^as -I) = q^- covol(r) - n^. 

This proves the second assertion of Theorem 12. 2[ The next Lemma 
proves the final assertion of Theorem I2.2l bv showing that the estimate 
of the order of [1] can be improved if certain exceptional cases are 
excluded. 

Lemma 3.7. Suppose that the Weyl group is not one of the exceptional 
types E'g, F4, G2. Then 

ord([l]) < covol(r) . 

Proof. An examination of the possible Coxeter diagrams |Bout Chap 
VI, No 4.4, Theoreme 4] shows that if the diagram is not one of the 
types £"8, F4, G2, then it contains at least two special types. Therefore 
every chamber of A contains at least two special vertices. Choose two 
such vertices and suppose that they have types s and t, say. In that 
case the condition (A3) on the apartment A in A can be changed to 
read: 

• (A3') The unique special vertex v' E S of type t which lies in 
C. 
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Assume that the remaining conditions (Al), (A2), (A4), (A5) are 
unchanged. Figure El illustrates the setup in the B2 case. 
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Figure 3. Part of an apartment A in a building of type 
-B2, and a minimal gallery from C to C . 

The proof proceeds exactly as before, except that all the chambers 
in a gallery (ctq, cti, . . . , 0"^) of type i now contain a common vertex u 
of type t. Therefore equation® becomes 

Ni<ai. 

Observe that one must be careful with the notation. For example in 
equation the function Xcr on the left is now defined in terms of 
sectors based at the vertex of type s of a, whereas the functions Xo-' on 
the right will now be defined in terms of sectors based at the vertex of 
type t of a' . Equation becomes 

(11) {uiNi - n,) ■ [1] = . 
The order of the element [1] is bounded by 

(12) Uf at — ris = covol(r) — n^. 

□ 

Finally, we verify that VL^ is a finitely generated group. Sets of the 
form ^2(0"), a G A", form a basis of clopen sets for the topology of Vt. 
It follows that the abelian group C(fi,Zi) is generated by the set of 
characteristic functions {xa '■ o" G A"}. We show that VLt is generated 
hy {[x\\ X e D}. 

Lemma 3.8. Every clopen set V in Vl may he expressed as a finite 
disjoint union of sets of the form i^(cr), cr G A". 
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Proof. Fix a special vertex s of type s in A. For each 00 ^ ^l, sets 
of the form Q{a) with a G A" and a C [3,00) form a basic family of 
open neighbourhoods of u. Therefore, for each u & V, there exists a 
chamber cr^ G A" with 0"^^ C [s,u) and a; G f2(cr^) C V. The clopen 
set V, being compact, is a finite union of such sets: 

Fix a sector Q in A, with base vertex s. For each j, 1 < j < fc, let 
be the chamber in Q which is the image of a^^^, under the unique 
strong isometry from [s, Uj) onto Q. Let Qj be the subsector of Q with 
base chamber Cj (1 < j < k), and choose a chamber C in f]j^iQj- 
Informally, C is chosen to be sufficiently far away from the base vertex 
s. 

For I < j < k, let Tj be the chamber in [s, uj) which is the image of 
C under the strong isometry from Q onto [s,ujj). For each u G fl{(Juj^) 
there is a retraction from [s,uj) onto [s,ujj) Gt, 4.2]. Let Tj{uj) be 
the inverse image of the chamber tj under this retraction. By local 
finiteness of A, there are only finitely many such chambers Tj{uj), uj G 
Call them Tj-;, 1 < I < rij. Thus VL{a^^.) may be expressed as a 
finite disjoint union: 

Moreover, if u; G ^{Tj^i) then the strong isometry from [s,uj) onto Q 
maps Tj^i to the chamber C. Finally, V may be expressed as a disjoint 
union: 

hi 

To check that this union is indeed disjoint, suppose that u G ^ijj^i) fl 
n(rj.^s). Then, under the strong isometry from Q onto [s,uj), the image 
of the chamber C is equal to both Tj^i and r^^^. In particular, Tj^i = 

Tr,s- □ 

Proposition 3.9. Let {G, 3, N, S) be an affine topological Tits system, 
and let T be a subgroup of G. Then 

(a) The abelian group C{Q,Z) is generated by the set of character- 
istic functions {Xa '■ c" G A"}. 

(b) Qr is generated by {[x] : x E D} . 

Proof, (a) Any function / G C{VL, Z) is bounded, by compactness of 
and so takes finitely many values G Z. Now Vi = {uj & VL : f{uj) = 
rii} is a clopen set in Q. It follows from the preceding Lemma that / 
may be expressed as a finite sum / = J2j^jX(7jy with aj G A". 



14 GUYAN ROBERTSON 

(b) This is an immediate consequence of (a). 



□ 



4. Further calculations in the rank 2 case 

This section is devoted to showing that the estimate for the order 
of [1] given by Theorem 12.21 can be improved if the building A is 2- 
dimensional. The group G has type y42, B2 or G2- Denote the type set 
by / = {s, a, b}, where s is a special type of the corresponding Coxeter 
diagram, as indicated below. Note that in the B2 case, the vertex b is 
also special. In the A2 case, all vertices are special and Qi = q for all 
te /. 

b ^44 




Proposition 4.1. Under the preceding assumptions, let T be a torsion 
free lattice in G. Then 

(13) {ql - l)n, ■ [1] = 
in Qr- 

Proof. We prove the G2 case. For the minimal gallery of type i between 
C and C' described in Figure HJ we obtain Ni = q^qlql, so that 

(14) q.qlqln, ■ [1] = n, ■ [1]. 

On the other hand, for a minimal gallery of type j between G and G" 
described in Figure El below, we obtain A^^ = qlq^qt, so that 

(15) qlqtqtn,-[l]=n,-[l]. 
Equations (HH), (fT^ imply that 

(ll^B ■ [1] = ■ [1], 

thereby proving (fT^ . 

The B2 and A2 cases follow by similar calculations, using the config- 
urations in Figure El below. □ 



BOUNDARY COINVARIANTS FOR AFFINE BUILDINGS 15 











\ ^N^'' \ 

V — 




X ^7 


\/t) 


\ / a 


\ ^^vl° \ 

\/b 


/ 


— A ^ 


a /\// 











Figure 4. The case. 




Figure 5. 
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Let k he a non-archimedean local field with residue field k of order 
q. Let L be a simple, simply connected linear algebraic fc-group and 
assume that L is fc-split and has fc-rank 2. Let G be the group of k- 
rational points of L and let F be a torsion free lattice in G. Then qt = q 
for all t G / 'Ti2', §3.5.4], and equation (fTSj) becomes 

(16) (g' - l)n, ■ [1] = 0. 

A parahoric subgroup corresponding to a hyperspecial vertex of type 
s has maximal volume among compact subgroups of G fTi2\ 3.8.2]. This 
volume is [P^ : 3], by Remark 13.21 In particular, all such subgroups 
have the same volume. It follows that = covol(r)/[Pg : 3] has the 
same value for all hyperspecial types s. 

Suppose, for example, that G is the symplectic group Sp2{k), which 
has type B2 (or, equivalently, C2). Examination of the tables at the 
end of |Ti2j shows that the diagram of G has two hyperspecial types s, 
t. Thus Tis = rit, and it follows from (fTTj) and Figure El that 

iq' - \)n, ■ [1] = 0. 

Combining this with (fTB|) gives the following improvement to |TB|). for 

the case G = Sp2{k) : 

(17) (g - l)n, ■ [1] = 0. 

Remark 4.2. An interesting problem is to find the exact value of the 
order of [1]. This is known in the case where the group G has k-rank 
1, and A is a tree. In that torsion free lattice F in G is a free 

group of finite rank r, and it follows from |RH IR2j that [1] has order 
r — 1 = — x(F), where x(r) denotes the Euler-Poincare characteristic 
of F. If G = SL2(fc), then -x(F) = (g - l)n,(F). 

In the rank 2 case, the order of [1] is in general smaller than x(r). 
For by \Sel[ p. 150, Theoreme 7], x(X) = il ~ l)(g'" ~ l)^s(r), where 
m = 2, 3, 5 according as G has type A2, B2, G2. Note however that by 
(Uni), (El), we do have x(r) ■ [1] = if G = SL3(A;) or G = Sp2{k). 



5. K-Theory of the Boundary Algebra 

We retain the general assumptions of Theorem 12.21 Thus G is a 
locally compact group acting strongly transitively by type preserving 
automorphisms on the affine building A, and F is a torsion free discrete 
subgroup of G. 

As in jRSj . |Rlj . the group F acts on the commutative G*-algebra 
C{fl), and one can form the full crossed product G*-algebra = 
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C{fl) X r, Section 1]. The inclusion map C{Q) Ar induces a 
natural homomorphism from C(fi,Z) = Kq{C{Q)) to i^'o('^r); which 
maps Xa to the class of the corresponding idempotent in Ar- The 
covariance relations in Ar imply that for each (? G F and a G A", the 
functions Xo- and g ■ Xa = Xga map to the same element of KQ^Ar)- 
Thus there is an induced homomorphism ip : Qr ^ -^o(-^r)- Moreover 
99([1]) = [1]ko: the class of 1 in the i^o-group of ^r- We have the 
following immediate consequence of Theorem 12.21 

Corollary 5.1. If T is a torsion free lattice in G then [1]ko has finite 
order in Ko{Ar)- 

Remark 5.2. Clearly the bounds for the order of [1] obtained in the 
preceding sections apply also to [1]ko- If ^ has type An, Corollarv 15.11 
was proved in plS], "Rl". In that case qt = q for all t G /. For n = 1, 
it follows from (Rl, .R2j that the order of [1]ko is actually 

(18) ord([l]Ko) = (g-l)-n,. 

The computational evidence at the end of Section IHl below indicates 
that (jl8|) also holds for n = 2. 

Return now to the general assumptions of Theorem 12.21 It is impor- 
tant that F is amenable at infinity in the sense of ^AR. Section 5.2]. 
Since the action of G on A is strongly transitive, its action on the 
boundary Q is transitive. Therefore Q may be identified, as a topologi- 
cal F-space, with G/B, where the Borel subgroup B is the stabilizer of 
some point a; G f2. The next result shows that the group B is amenable 
and so the action of F on f2 is amenable jARI Section 2.2]. Moreover 
the crossed product algebra is unique : the full and reduced crossed 
products coincide. 

Proposition 5.3. Let u E Q and let B = {g E G : gu = u} . Then B 
is amenable and so {T,Q) is amenable as a topological T-space, ifV is 
a closed subgroup of G. 

Proof. Let s G A*^ be a special vertex and let A be an apartment in 
A containing the sector [s, cu). Let iVtrans denote the subgroup of G 
consisting of elements which stabilize A and act by translation on A. 

U g E B, then the sectors [gs,uj) and g[s,uj) both have base vertex 
gs and both represent the same boundary point u. Therefore g[s, u) = 
[gs,uj). Now the sectors [gs,uj), [s,uj) and [g~^s,uj) are all equivalent, 
and so contain a common subsector S. The sectors S and gS, being 
subsectors of [s,uj), are parallel sectors in the apartment A. Let a be 
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the base chamber of S. Since G acts strongly transitively on A, there 
exists an element g' E G such that g'A = A and g'a = ga. In particular 
g'uj = uo. 

Since the action of G is type preserving, it follows from |Gtt Theorem 
17.3] that g' G iVtrans- Moreover gv = g'v, for all v & S. Let \ui{g) = 
g'\A, the restriction of g' to A. Then X^j^g) is the unique translation 
of A such that gv = \i^{g)v, for all v E S. As the notation suggests, 
\uj{g) depends on g and u, but not on S. 

It is easy to check that the mapping Xuj '■ g ^ X^{g) is a homomor- 
phism from B onto the group Tq of type preserving translations on A. 
Since Tq = Z" is an amenable group, it will follow that B is amenable 
if ker can be shown to be amenable. 

For each vertex v of [s, uj), let B^ = {g E B : gv = v}. Then 

ker A,^ = |J B^ . 

ti£ [s,w) 

Each of the groups B^j is compact, being a closed subgroup of a para- 
horic subgroup. The group ker A^^ may thus be expressed as the induc- 
tive limit of the family of compact groups {By : v G [s,u;)}, directed 
by inclusion. Therefore ker A,^ is amenable. □ 

Remark 5.4. If G is the group of /c-rational points of an absolutely 
almost simple, simply connected linear algebraic /i;-group, this result is 
well known. For then the Borel subgroup B is solvable, hence amenable. 

The amenability of the F-space Q has the consequence that the 
Baum-Connes conjecture, with coefficients in G{Q) has been verified 
|l'u| Theoreme 0.1]. Consequently K^{Ar) can be calculated by means 
of the Kasparov-Skandalis spectral sequence |Ka51 5.6, 5.7]. This has 
initial terms 

fHp{T, C{il, Z)) , if < p < n and q is even, 
, otherwise. 



Note that Hp = for p > n, since F has homological dimension < n 
Moreover Ki{C{Q)) = 0, since Q is totally disconnected. 
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Suppose now that A has dimension n = 2. Some of the nonzero 
terms in the first quadrant are shown in (jl9|) . 



^04 



^14 



(19) 







-^02 



-^12 







^24 



E^ 

-^22 



-^20 



Recall that for r > 2 there are differentials dp^ 



rpr 



E. 



poo _ 



E^ . 



and Ep'^^ is the homology of El at the position of Ep^^. 
differentials d"^ go up one row, it is clear that d^ = and E^ 
Since the differentials d^ go three units to the left, d^ 
^p,g- Continuing in this way we see that E, 
spectral sequence degenerates with E^^ 
spectral sequence to K^:{Ar) means that 

and that there is a short exact sequence 



p—r,q+r—ly 

Since the 



V,<1 

and Et^ 
Therefore the 



Convergence of the 



iJ2(r,c(fi,z)) ^0 



In particular, fir 
Ko{Av). 



Hq{V .CiVL.Ij)) is isomorphic to a subgroup of 



6. A2 BUILDINGS AND REDUCED GROUP C*-ALGEBRAS 

The reduced group C*-algebra of a group V is the completion C* (F) 
of the complex group algebra of F in the regular representation as op- 
erators on ^^(F). Let F be a discrete torsion free group acting properly 
on the affine building A, satisfying the hypotheses of Theorem 12.21 
By Proposition I5.3[ F acts amenably on the compact space Vt. It fol- 
lows that the Baum-Connes assembly map is injecti ve |Hig| and so the 
Novikov conjecture is true. (This also follows from |KaSj . ) Therefore 
the class [1] in Kq{C*{V)) does not have finite order. 

Since C*(F) embeds in Ay-, there is a natural homomorphism 

K,(c;(F)) kMt)- 

This homomorphism is not injective, by Theorem 12.21 since [1] does 
have finite order in Kq{At)- It is therefore worth comparing the K- 
theories of these two algebras. If the building is type everything 
can be calculated explicitly. 
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The computation required is a corollary of [LaJ, which states that 
the Baum-Connes conjecture holds for any discrete group F satisfying 
the following properties. 

(1) r acts continuously, isometrically and properly with compact 
quotient on a uniformly locally finite affine building or on a 
complete riemannian manifold of nonpositive curvature; 

(2) r has property (RD) of Jolissaint. 

For a group T satisfying these conditions, K^:{C*(T)) is isomorphic 
to the geometric group Kl{A) = K {Co{A) , C) . (The notation is 
consistent with |BCHj . because A is F-compact.) This provides a way 
of calculating the groups K^{C*(T)). 

Assume therefore that all the conditions of Theorem 12.21 hold, to- 
gether with the condition that A has type A2. This is the case, for 
example, if F is a torsion free lattice in G = SL3(A;). 

Condition (1) is clearly satisfied and condition (2) is also satisfied 
by the main result of jRRSj . The finite cell complex BT = A/F is a 
K{T, 1) space \Br[ F4], so the group homology if*(F,Z) is isomorphic 
to the usual simplicial homology if^,(i?F) jBrl Proposition n.4.1]. Thus 
iJo(r,Z) = Z and iJi(F,Z) = Tab, the abelianization of F. Moreover, 
since BT is 2-dimensional, the group F has homological dimension at 
most 2 [Brl, Vin.2 Proposition (2.2) and VIII.6 Exercise 6]. It fol- 
lows that if2(F,Z) is free abelian and iJp(F, Z) = for p > 2. Since 
F satisfies the Baum-Connes conjecture, i^*(C*(F)) coincides with its 
"7-part" |Kat Definition-corollary 3.12]. Therefore K^{C*{r)) may be 
computed as the limit of a spectral sequence |KaS| Theorem 5.6 
and Remark 5.7(a)]. Since F is torsion free, F acts freely on A. Accord- 
ing to |KaSl Remarks 5.7(b)] the initial terms of the spectral sequence 
are 
(20) 

Hp{T, Z) if p G {0, 1, 2} and q is even, 
otherwise. 



E'=H,{T,K,{C)) 



The nonzero terms in the first quadrant are shown in p9|) . Exactly as 
for (fTUI). the spectral sequence degenerates with E!^^ = E^^^. Conver- 
gence of the spectral sequence to K^{C*(T)) means that 

(21) K,{C:{T))=H,{T,Z) 
and that there is a short exact sequence 

(22) Ho{T, z) Ko{c:{r)) H,{r, Z) ^ 0. 
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Now Hi{r, Z) is a finite group, because F has Kazhdan's property (T) 
IHHl Corollary 1]. It follows that KoiC;{T)) = I2'^^\ where x(r) is the 
Euler-Poincare characteristic of F. This proves 

Theorem 6.1. Let T he a torsion free cocompact lattice in G, where 
{G, 3, N, S) is an affine topological Tits system of type A2 . Then 



The value of x(r) is easily calculated |SeH p. 150, Theoreme 7]. |RH 
Section 4]. It is 



where q is the order of the building A and n^iV) is the number of 
F-orbits of vertices of type 5, where s G / is fixed. 

In |(MSZj a detailed study was undertaken of groups of type rotating 
automorphisms of A2 buildings, subject to the condition that the group 
action is free and transitive on the vertex set of the building. For A2 
buildings of orders g = 2, 3, the authors of that article give a complete 
enumeration of the possible groups with this property. These groups 
are called A2 groups. Some, but not all, of the A2 groups are cocompact 
lattices in PGL3(/c) for some local field k with residue field of order q. 
It is an empirical fact that either k = Qp ot k = ¥q{{X)) in all the 
examples constructed so far. 

For each A2 group F < PGL^^k), consider the unique type preserving 
subgroup F < F of index 3. Each such F is torsion free and acts freely 
and transitively on the set of vertices of a fixed type s. That is rig = 1. 
Therefore 



Remark 6.2. There are eight such groups F if g = 2, and twenty- 
four if g = 3. Using the results of jRSj and the MAGMA computer 
algebra package, one can compute i^'o('^r)- One checks that in all these 
examples. 



(24) 



Ko{C:{T)) = Z^^^^ and Ki(C;(F)) = F,,. 



(25) 



x(F) = (g-l)(g2-l).n,(F), 



X(F) = (g - l)(g2 _ 1) = 1 + rank/72(r, Z) . 
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Furthermore, the class of [1] in the KQ{Ar) has order q — 1. Note that 
for q = 2 this means that [1] = 0. 

These values also appear to be true for higher values of q. In partic- 
ular, they have been verified for a number of groups with q = 4, 5, 7. 
Here is an example with g = 4. 

Example 6.3. Consider the Regular A2 group r^., with q = 4. This is 
a torsion free cocompact subgroup of PGL3(K), where IK is the Laurent 
series field F4{{X)) with coefficients in the field F4 with four elements. 
It is described in |(yMSZ| Part I, Section 4], and its embedding in 
PGL3(F4((X))) is essentially unique, by the Strong Rigidity Theorem 
of Margulis. The group P.,. is torsion free and has 21 generators a;^, < 
i < 20, and relations (written modulo 21): 



Let P < PSL3(K) be the type preserving index three subgroup of P^. 
The group P has generators XjXq^, 1 < J < 20. Using the results of 
|RSj one obtains 

Ko{Ar) = © {Z/2Zy^ © (Z/3Z)^ © (Z/7Z)^ © (Z/9Z), 

and the class of [1] in Kq^At) is 3 + Z/9Z, which has order g — 1 = 3. 
It also follows from ,RS' Theorem 2.1] that Kq^At) = Ki{Ar)- 
According to Theorem 16. H 



Ko{C:(T)) = Z^^ = Z^^©([1]) and Ki{C:(T)) = (Z/2Z)6©(Z/3Z). 



The second equality was obtained using the MAGMA computer algebra 
package. This, and similar, examples suggest that the only reason for 
failure of injectivity of the natural homomorphism 



is the fact that [1] has finite order in Ko{Ar)- 

Example 6.4. For completeness, here are the results of the compu- 
tations for one of the groups with g = 3. The Regular group 1.1 of 
|GMSZj . with q = 3, has 13 generators Xt, < i < 12, and relations 
(written modulo 13): 



\^XjXj+8Xj+6 = 1 < J < 13. 

Let P be the type preserving index three subgroup. The group P has 
generators XjXq^, 1 < j < 12. Note that the group 1.1 has torsion, but 




1 



< J < 6, 
< j < 20. 




< J < 13 
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its type preserving subgroup T is torsion free. One obtains 

Ko{At) = I?^ © (Z/2Z) © (Z/3Z)^ © (Z/13Z)^ 

and the class of [1] in Kq{At) is 1 + Z/2Z, which has order g — 1 = 2. 
It also follows from Theorem 16. II that 

Ko(c;(r)) = z^^ and Ki(c;(r)) = (z/sz)^ © (z/i3Z). 
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